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Abstract. We analyze the expansions in terms of the approximate roots of a Weierstrass 
polynomial / £ C{a;}[j/], defining a plane branch (C, 0), in the light of the toric embedded 
resolution of the branch. This leads to the definition of a class of (non equisingular) defor- 
mations of a plane branch (C, 0) supported on certain monomials in the approximate roots 
of /. As a consequence we find out a Kouchnirenko type formula for the Milnor number 
(C, 0). Our results provide a geometrical approach to Abhyankar's straight fine conditions 
and its consequences. As an application we give an equisingularity criterion for a family of 



' plane curves to be equisingular to a plane branch and we express it algorithmically. 

Introduction 

The use of approximate roots in the study of plane algebraic curves, initiated by Abhyankar 
and Moh in |A-M| . was essential in the proof of the famous embedding line theorem in |A-M2| . 
Let (C,0) C (C2,0) be a germ of analytically irreducible plane curve, a plane branch in what 
r-| ! follows. Certain approximate roots of the Weierstrass polynomial defining (C, 0) are semi- 
^ \ roots, i.e., they define curvettes at certain exceptional divisors of the minimal embedded 
resolution. A'Campo and Oka describe the embedded resolution of a plane branch by a 
sequence of toric modifications using approximate roots in |A'C-Ok| and give topological 



proofs of some of the results of Abhyankar and Moh. See |Abh3| . fPP] . \G-P\ or [AFB] for 



1> I an introduction to the notion of approximate root and its applications. 

^ ■ We consider at the infinitely near points of the toric embedded resolution the canonical 

local coordinates defined by the strict transform of a suitable approximate root (or semi-root) 
and the exceptional divisor. In Section [2] we introduce an injective correspondence between 
I monomials in these coordinates and monomials in the approximate roots (see Proposition 
QQ ' 12. ip . From this natural correspondence we derive two applications. 

O ■ The first one is the definition of a class of (non equisingular) multi-parametric deformations 

Ct of the plane branch, which we call multi-semi-quasi-homogeneous (msqh). We explain its 
\ basic properties in Section [3l The terms appearing in this deformation are monomials in 
^ ■ the approximate roots of / and the deformation may be seen naturally as a deformation of 
Teissier's embedding of the plane branch C in a higher dimensional affine space (see |T3j ). If 
the deformation Ct is generic the Milnor number of (C, 0) is related to the sum of the Milnor 
numbers of some curves defined from Ct at the infinitely near points of the toric resolution 
of (C, 0) (see Proposition [36l) . As a consequence we derive a Kouchnirenko type formula for 
the Milnor number in terms of certain polyhedral complex with integral structure which we 
associate to (C, 0). In a joint work with Risler we apply the construction of this class of 
deformations in the study of the topological types of smoothings of real plane branches with 
the maximal number of connected components (see |GP-R| ). 



2000 Mathematics Subject Classification. Primary 14J17; Secondary 32S10, 14M25. 
Key words and phrases, approximate roots, deformations of a plane curve, equisingularity criterion. 
Supported by Programa Ramon y Cajal and by MTM2007-6798-C02-02 grants of Ministerio de Educacion 
y Ciencia, Spain. 



1 



2 



P.D. GONZALEZ PEREZ 



The second application, given in Section [U is based on the relations of the expansions 
in terms of approximate-roots, Teissier's embedding of the plane branch and Abhyankar's 
straight line condition for the generalized Newton polygons associated to a plane branch. 
These relations are better understood by passing through the toric embedded resolution of the 
branch (see Theorem 14. II and Proposition ll.lGp . In particular, we prove that the generalized 
Newton polygons arise precisely from the Newton polygons of the strict transform of (C, 0) 
at the infinitely near points of the toric embedded resolution of (C, 0) (see Proposition 14.51) . 
We have revisited Abhyankar's irreducibility criterion for power series in two variables (see 
|Abh4| ). We give a proof of Abhyankar's criterion by using the toric geometry tools we have 
previously introduced. As an application we obtain an equisingularity criterion for a family of 
plane curves to be equisingular to a plane branch (see Theorem 14. 31) . which generalizes the one 
given by A'Campo and Oka in |A'C-Qk| . The criterion is expressed as algorithmic procedure 
(see Algorithm 14.71) . Alternatively, we can use Algorithm 14.81 which is derived independently 
from the irreducibility criterion of Garcia Barroso and Gwozdziewicz in |GB-G| . in terms of 
jacobian Newton polygons. 

The paper is organized as follows: Section [T] introduce basic results and definitions. Section 
[3] only depends on Section [T] and [2l Section [4] do not depend on Section [3l 

Notations. We denote by [a] the integer part of a G Q. We denote by degP (resp. by 
degj^P) the degree of a polynomial P (resp. with respect to the indeterminate y). The ring 
of formal (resp. convergent) power series in x = {xi, . . . ,Xm) is denoted by C[[x\] (resp. 
by C{x}). If 7^ a G C[[t]] is a series, the order ordfO; of a is the integer n such that 
a = t"'e, where e G C[[t]] and e(0) 7^ 0; the number e(0) is called the initial coefficient of a. 
If / = Yli^id^^y^ ^ ^[k'?/]] is a series, the Newton polygon A/'(/) is the convex hull of the 
set IJcij^o(^'^) + -^>o- If A C the symbolic restriction of / to A is j)gAnz?. ^ij^^V'' ■ 
If (Cj,0) C (C^,0), i = 1,2 are plane curve germs defined by hi{x,y) = 0, for hi G C{x,y}, 
we denote by (Ci,C2)o or by (/ii,/i2)o the intersection multiplicity dime C{x, |/}/(/ii, ^12)- 



We introduce first our notations and we review some well known invariants associated to 
a plane branch (C, 0) embedded in (C^,0). For more details see for instance |Z2| . |W| . |PP| . 



1.1. Equisingularity invariants of a plane branch. We consider an analytically irre- 
ducible plane curve germ, a plane branch for short, (C, 0) C (C^,0). Let {x,y) be a pair of 
local coordinates at (C^, 0) such that the germ of smooth curve (L, 0) defined by x = has 
intersection multiplicity (C, L)o = n < 00. By the Weierstrass Preparation Theorem (C, 0) is 
defined by an equation f{x,y) = where / G C{x}[?/] is a Weierstrass polynomial in y. By 
Newton Puiseux Theorem the branch (C, 0) has a fractional power series parametrization of 
the form, y = where: 



and n = degyf. We set cq := n and then inductively for j > 1, bj the smallest integer 
i > not divisible by ej_i with 7^ 0, Cj := gcd(ej_i, 6j). We obtain in this way a finite 
sequence which stops when we reach an integer g such that eg = gcd(eg_i, bg) = 1. We obtain 
two sequences of integers Cq, . . . ,6^ = 1 and no := l,ni := eo/ei, ■ . . ,ng = Cg-i/cg, where 
nj > for j = 1, . . . , (7 (see [Z2j). 



1. Plane branches, semi-roots and toric resolution 



[T8] . [Abh3] . [C], and [T4]. 



(1) 
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Definition 1.1. (see |Z1| . pag. 993) The sequence bi/n, . . . , bg/n (resp. rii, . . . , Ug) is called 
sequence of characteristic exponents (resp. characteristic integers) o/ (C, 0) vjith respect to 
L. 

This sequence does not depend on the possible choice of local coordinate y once x has been 
fixed. If L is not tangent to C, then bo is the multiplicity of (C, 0) and the characteristic 
exponents bj relative to L, also denoted by Pj in the literature, do not depend on the choice 
of non tangent curve L. This sequence is equivalent to the sequence of classical characteristic 
pairs, which classifies the equisingularity class of the branch (see [Zl] and |Abhl| ). 

1.1.1. The semigroup of a branch. The map of germs (C,0) (C*, 0), given by 1 1— > (x(t) := 
t^,y{t) := Ci't))i (which defined by replacing x^^"" by t in ([T])) is the normalization of the 
branch (C, 0). It corresponds algebraically to the inclusion 

(2) Oc^Oc = C{t}, h modif)^hix{t),yit)). 

of the local ring of the branch in its integral closure in its field of fractions. 

If h{x,y) G C{x}[?/] defines a plane curve germ, we have that {f,h)o = ordt{h{x{t),y{t)). 

The set A := {(/, /i)o | h G C{x,y} — (/)} is a sub-semigroup of Z>o of finite type 
associated to the plane branch C. The semigroup A is generated by: 

(3) bo := Co, bi := 6i, bj+i := nfij + bj+i - bj for j = 1, . . . , - 1. 

We set bg^i := oo. The generators ([3]) are called the characteristic sequence of generators of 
the semigroup A with respect to the line x = 0. 

Lemma 1.2. (see |T3| J Any 6 G A has a unique expansion of the form: 

(4) b = Tjobo + Tjibi H h rjgbg, 

where < rjo and < rjj < rij, for j = 1, . . . , g. The image of bj in the group Z/(^|~q Zbi) 
is of order rij . We have that: 

(5) rijbj G Z>o6o + ■ ■ ■ + Z>o6j-i and rijbj < bj+i, for j = 1, . . . , g. 

Remark 1.3. Let us consider a semigroup O o/ Z>o with a minimal set of generators bo < 
■■■ < bg. Set Co := bo, ej := gcd(bo, ■ ■ . ,bj) and Uj := Cj-i/cj for j = l,...,g. Then, if 
conditions ^ hold the semigroup 9 is the semigroup associated with a plane branch (see 

1.2. Approximate roots, semi-roots and truncations. For an introduction to these 
topics see the survey |PP| of Popescu-Pampu. See also |Abh4| . |Z2| . |A'C-Qk| . and |G-P| 
and |LJ| . 

1.2.1. Approximate roots. Let A be a integral domain containing Q. Let H G A[y]he a monic 
polynomial in y of degree > 0. Any polynomial F G A[y] has a unique H-adic expansion of 
the form: 

(6) F = as + tts-iH H h aiH'~'^ + aoH% 

where G A[y\, degaj < degif and s = [degF/ degH] (for [a] denoting integral part of a). 
This expansion is obtained by iterated Euclidean division by H (see |Z2|). 

Denote by Bm C A[y] the set of monic polynomials of degree m > in y. Let F & A[y] be 
a monic polynomial of degree divisible by m. Set A^ = mk. The Tschirnhausen operator 
Tp : Bm — > Bm is defined by tf{H) = H + ^ where ai is the coefficient H^~^ in the iJ-adic 
expansion ([6]) of F. For instance, if m = 1, H = y and y' :== y + then the coefficient of 
(^y'^N-i ^Yie y'-expansion of F is zero. Setting y' = Tpiy) defines a change of coordinates, 
which is classically called the Tschirnhausen transformation. 
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Definition 1.4. Let A a domain containing Q. Let F G A[y] a manic polynomial of degree 
N and suppose N = mk. An approximate root G of degree m of F is a monic polynomial in 
A[y] such that deg(F - G'') < N - m. 

The approximate root G of degree m of F exists and is unique. It is determined algorith- 
mically in terms of Euclidean division of polynomials by: G = Tpo ■ ■ ■ otf{H), \/ H G Bm- 

Lemma 1.5. Let A be an integral domain containing Q and F G a polynomial of 

the form: F = {y^ + cx^Y + ■ ■ ■ where c G A \ {0} and the exponents of the terms which are 
not written lie in the interior the Newton polygon of F. Let m be a positive integer dividing 
e. Then, the approximate root G of degree mp of the form: G = {y^ + cx"^)"^ H — ■ , where the 
exponents of the terms which are not written lie in the interior of the Newton polygon ofG. 

Proof. Let v = {p, q) be the normal vector to the compact edge of the Newton polygon of 
F. For H G we denote by H\v the symbolic restriction of if to the compact face of 

its Newton polygon determined by v (see |G-T| ). If we give weight j9, g to x^y respectively, 
we find that F\^ is quasi-homogeneous of weight pqe and F = i^^, + ■ ■ ■ , where the dots means 
terms of weight > epq . It follows that G\v = + ■ ■ ■ is quasi-homogeneous of weight mpq 
and G = G\v + ■ ■ ■ , where the dots means terms of weight > mpq. Since G is an approximate 
root we have that degy{F — G^/™) < deg^F — deg^G. Using the weights we deduce that: 
degj^(F|^, — Gj^/™) < degj^F|t, — degyG\y. This implies that G\y is an approximate root of Fjt, 
of degree mp. By the unicity of the approximate roots it follows that G\y = {y^ + cx^)"^. □ 

1.2.2. Semi-roots. 

Definition 1.6. Let (G, 0) C (C^, 0) be a plane branch and {L,Q) C (C^,0) be a germ of 
smooth curve. A j -semi-root {Gj, 0) of (G, 0) with respect to L, is a germ of curve such that 

(7) {Gj, G)o = bj and (G^-, L)o = % ■ ■ ■ uj^i, ifO<j<g, 

where bj and rij are respectively the generators of the semigroup and the characteristic 
integers, with respect to L. We set G^+i = G. 

The plane curve singularity parameterized by, y = Q, where Q = J2i<bj c^j^;*/" is the 
fractional power series obtained from ([T]) by truncation mod x^^/". It is a j-semi-root of 
(G,0) with respect to x = (see [Z2]). Notice that Q belongs to C{x^/"i- "^-i}. 

Proposition 1.7. (see |PP| . |Z2| ) The following assertions are equivalent: 

(1) The germ {D, 0) is a j -semi-root of (G, 0) with respect to the line L, given by x = 0. 

(2) The germ {D, 0) is a plane branch with {D, L) = rii - ■ ■ Uj-i and in the local coordi- 
nates {x,y) it is parameterized by a fractional power series y = r(x^^^'^"'"'3-^) such 
that T = C mod x''^/", where ( is the parametrization (QP of (G, 0). 

It follows that in the coordinates (x, y) a j-semi-root can be defined by a Weierstrass 
polynomial fj G C{x}[?/] of degree no ■ ■ ■ nj in y. 

The notion of semi-root is related with Lejeune-Jalabert's notion of curves of maximal 
contact with higher genus, which is defined also over fields of arbitrary characteristic |LJ| . 
The notion of semi-root is also related with that of approximate root by the following Theorem 
of Abhyankar and Moh (see [A^ . [GT] and [PP|1. 

Proposition 1.8. Let f G C{x}[|/] be a Weierstrass polynomial defining a plane branch 
(G, 0). The approximate roots of f of degrees nQ---nj_i define semi-roots of (G, 0) with 
respect to x = Q, for j = 1, . . . , g. 
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1.2.3. Expansions. 

Proposition 1.9. (see |Abh2| and |PPj ) Let us consider a sequence of integers ni, . . . , > 1. 
If Fi, . . . , Fg^i G C{x}[?/] are polynomials of degrees 1, ni,nin2, . . . , ni ■ ■ ■ Ug, respectively, 
then any polynomial F G C{x}[?/] has a unique expansion of the form: 

(8) P = Y1 "^(^)^i' ■ ■ ■ ^g'K+i^ "^(^) ^ 

where the components of the index I = {ii, . . . , ig+i) verify that < ii < rii, . . . , < ig < rig, 

< ig+i < [degy F/ degy Fg+i] . Moreover, the degrees in y of the terms Fl^ ■ ■ ■ -F^'^Y ^'^s 
distinct. 

Proof. Consider the F^+i-adic expansion, of the form ((61), of the polynomial F. Iterate 
the procedure by taking recursively F^-adic expansions of the coefficients obtained, for j = 
1, . . . , 5^ in decreasing order. The assertion of the degrees in y is consequence of the following 
elementary property of the sequence of integers (rii, . . . , n^) (see [PPj. proof of corollary 
1.5.4). □ 

Remark 1.10. With the above notations set 

Ag+i := {I = (ii, ig+i) \ 0<ii,<ni,...,0<ig,<ng,0< ig+J. 
Then, the map Ag+i Z, given by I ^ qi := ii + nii2 + ■ ■ ■ + rii - ■ ■ Ugig+i, is injective. 
By expanding the coefficients of ([8]) as a series in x we obtain an expansion of the form: 

(9) ^ = Y1 (^i^^'^i ■ ■ ■ Fg'K+i^ ^ith ai G C, 

Definition 1.11. We call the expansion fM) (resp. ^) the {Fi, . . . , Fg_i, Fg+i)-adic expan- 
sion (resp. {x, Fi, . . . , Fg_i, Fg^i)-adic expansion) of F . 

Let us fix a sequence of semi-roots (Cj,0) of the plane branch (C, 0), where each curve 
Cj is defined by a Weierstrass polynomial fj{x,y) of degree no - ■ which we call also 

semi-root, for j = 1, ...,(? + 1. We have that / := fg+i by definition. 

Remark 1.12. Notice that {Ck, 0) for k = 1, . . . , j , is a sequence of semi-roots of {Cj, 0) by 
Proposition \1.T[ 

Since any element in the analytic algebra Oc of (C, 0) is represented by the class, modulo 
(/), of a polynomial F G C{x}[?/] of degree < n we can apply Proposition [LQ] in terms of the 
sequence of semi-roots and Lemma 11.21 to obtain the following formula for the intersection 
multiplicity: 

(/, F)o = min{(/, x^o/r " " " /JOo/c/ ^ 0}. 

Notice that the number (/, x^^ f^ ■ ■ ■ fg^)o = Yl^j=o h^i G A is expanded in the form (111), hence 
by Lemma Fl. 21 if I ^ I\ then the corresponding elements in the semigroup A are different. 

Proposition 1.13. ( |T3| . |GP| Lemma 35) If fi, . . . , fg define a system of semi-roots we 
have the expansions of the form indicated in Proposition \1.13[ : 

(10) = /r - ^.+1^"" fl' ■ ■ ■ fl-i + E ■ ■ ■ ' 

Ij = {io,...,ij) 

such that 6j^i ^ and the integer 

(11) b{Ij) := iobo + ■■■ + ijbj 
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is expanded in the form whenever a} ^ 0. 

Moreover, if a^P ^ we have that the inequality b{Ij) > njbj and equality holds only for 
the index Jq := {riQ \ . . . , 0). 

1.3. Semi-roots and the monomial curve. In the following definition we fix an additional 
property for the sequence of semi-roots which simplify some of the equations and procedures 
defined below. 

Definition 1.14. The sequence (/i, . . . , fg) is normalized if the image by ^) of fj mod (/) 
in C{t} is of the form: 

(12) f^{x{t),y{t))=t^^t, e C{t} wzthe,{0) = 1, for j = l,...,g. 

Obviously, if /i, . . . , defines a sequence of semi-roots we can normalize them by replacing 
fj by r]jfj for some suitable constant rjj ^ 0. The statement of Proposition 11.91 remains true 
after these changes, by changing eventually the coefficients of the expansions. 

Remark 1.15. If the sequence of semi-roots is normalized then Proposition \1.13\ holds with 
9j+i = 1 in the expansion [T0\) . 

Following Teissier and Goldin, we re-embed the pair (C, 0) C (C^,0) in the affine space 
(C^+^,0) using a sequence of normalized semi-roots. We re-embed first (C^, 0) as a germ of 
smooth surface by 

(13) C{vo,vi,...,Vg} — >C{x,y} vq = x, vi = y, V2 = fi, . . . Vg = fg-i. 

This embedding induces also a re-embedding of (C, 0) in (C^+^, 0). Notice that the valuation 
of the coordinates induced by the parametrization of (C, 0) induced natural weights of the 
coordinates Vo,...,Vg given by the corresponding valuations bQ,bi,--- ,bg. In general the 
weight of a monomial = v}^v\' ■ ■ ■v'g is the integer b{I) = ^ ijbj G A. 

Proposition 1.16. ( |T3| . |G-T| ) Relations (EOj correspond to a system of generators of 
the ideal of (C, 0) C (C^+^,0). The first g — 1 relations correspond to the embedding of 
(C2,0) C (C^+\0). 

Teissier proved Proposition 11.161 in [T3j by exhibiting a one-parameter deformation which 
has the plane branch (C, 0) as generic fiber, while the special fiber is the monomial curve 

All n- n^^' n*^' v'^-i 

C C , defined by: Vj^ — ■■■fjii = 0, for j = l,...,g. This deformation 

corresponds algebraically to the deformation of Oc into the associated graded ring gr^Oc- 
Notice that the branch (C, 0) and the monomial curve (C^, 0) have the same semigroup. 
The form of the equations is then described from the miniversal deformation with constant 
semigroup of the monomial curve (see [T3| . |G-T| and |CN| ). See also [GP] for a generalization 
of part of these results to the case of quasi-ordinary hypersurface singularities. 

1.4. Embedded resolution of a plane branch by a sequence of toric morphisms. 

An embedded resolution of the germ (C, 0) C (C^, 0) is a modification vr : Z — > such that 
Z is a smooth surface, vr is an isomorphism outside G and the pull back of (C, 0) by 
TT is a normal crossing divisor. An embedded resolution of (C, 0) is classically obtained by 
blowing up and the points of non transversality of the pull back of (C, 0) in successive blow 
ups (see [Zl]). A branch {D, 0) C (C^, 0) is called a curvette for the modification n : Z ^ C"^ 
if the strict transform of {D, 0) by vr is a smooth curve transversal to the exceptional divisor 
E = 7r~^(0) at a smooth point of E. 

We recall the construction of an embedded resolution of a plane branch by a sequence 
of local toric modifications in terms of the characteristic exponents with respect to the line 
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x = 0. See |AX]-()kj . \Ok2\ . [GP] §3.4. See also fITOk] . [OkT] , and [CVT] for more on toric 
geometry and singularities. 

We define inductively a sequence of proper birational maps Uj : Zj^i Zj, for j = 1, . . . ,g. 
We fix a sequence Ci, ■ ■ ■ ,Cg of semi-roots of C. The semi-roots appear as curvettes in 
the embedded resolution and play an auxiliary role in the definition of the maps Hj . 

By convenience we denote (C^,0) by (Zi,oi). The semi-root Ci together with the line 
a; = define a pair of local coordinates at the origin. Namely, we take local coordinates 
(xi := X, Hi := /i) at Oi, where /i is a Weierstrass polynomial of degree 1 in y defining a semi- 
root Ci of (C, 0). By convenience we denote in the same way by fj{xi,yi) the polynomials 
in yi defining the semi-root Cj, for j = 2, . . . , g + 1. By Proposition II .71 the fractional power 
series expansion y{x) of C, and also of Cj ior 2 < j < g begins with the term x''^/" = x"^'^^^'^ 
where mi := bi/n2 ■ ■ ■ rig. It follows that 

(14) /(xi,yi) = (z/r-^2xrr + ---, 

such that 02 E C*, gcd (rii, mi) = 1 and the integer Cq := eiUi is the intersection multiplicity 
of C with the line, x = 0. The terms which are not written in f fT4l ) have exponents such 
that irii + jmi > nimiCi, i.e., they lie above the compact edge 

Ti := [(0,niei), (miei,0)] 

of the Newton polygon of /. Notice that ni,ei are the integers of the previous section. 

Remark 1.17. By Remark \l.l^ we have that fj{xi,yi) is of the form indicated in the right 
hand side of Formula [l4\ ), by replacing Ci by Ci/rij ■ ■ ■ Ug, for j = 2, . . . , g. 

The vector pi = (ni,mi) is orthogonal to Fi and defines a subdivision of the positive 
quadrant R>o, which is obtained by adding the ray piR>o. The quadrant R>o is subdivided 
in two cones, Xj := ejR>o + j>LR>o, for i = 1,2 and Ci, 62 the canonical basis of Z^. We define 
the minimal regular subdivision Si of R>q which contains the ray piR>o by adding the rays 
defined by those integral vectors in R>o? which belong to the boundary of the convex hull 
of the sets (xj fl Z^)\{0}, for i = 1,2. We denote by ai the unique cone of Si of the form, 
(Ti := j>LR>o + 9iR>o where g! = (ci, di) satisfies that: 

(15) Cimi — diUi = 1. 

The subdivision Si defines a proper birational map Hi : Z2 — > Zi, which is obtained by 
gluing monomial maps C^(cr) — > C^, where a runs through the set of two dimensional cones 
in Si. For instance, the map tti : C^((Ji) — *■ is defined by: 

, , Xi = M2^^2^ 

l-LDJ di mi 

yi = U2X2 , 

where U2,X2 are canonical coordinates for the affine space C^(cri). It should be noticed that 
the map Hi is a composition of point blow ups, as many as rays added in Si to subdivide 
R>o. Each ray aR>o G Si corresponds bijectively to a projective line CP\ embedded as 
an irreducible component of the exceptional divisor n|f^(0). We denote by E2 C Z2 the 
exceptional divisor defined by X2 = in the chart C^(cri). 

By convenience, we denote / by /^^^ and (C, 0) by {C^^\ Oi). We have that Ill{C^^^) defines 
a Cartier divisor on Z2. For instance, on C^((Ti) it is defined by /*^^) o tti = 0, where f^^^ o tti 
decomposes as 

(17) OTTi = El,c{f'^^\TXi)P\x2,U2), with ^ 0. 

The exceptional divisor of I1\{C''^^) on this chart is defined by Exc(/^^\ vri) := yl° o tti. 
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The polynomial f^'^\x2, U2) defines the strict transform C^^^ of C^^\ i.e., the closure of the 
pre-image by vrjf ^ of the punctured curve C^^^\{oi} on the chart C^(cri). We call Exc{F^^\ tti) 
the exceptional divisor function of /'•^•* on the chart defined by tti. We analyze the intersection 
of the strict transform with the exceptional divisor on the chart C^(cri): using ffUll and (fTSl) 

we find that p)(x2,0) = 1 and p)(0,M2) = (1 - ^2«2'"'"'^'"')'' = (1 - ^2M2)'^. By a 
similar argument on the other charts it follows that E2 is the only exceptional divisor of Hi 
which intersects the strict transform C^'^\ precisely at the point 02 of the chart C^(cri) with 
coordinates X2 = and U2 = 6'^\ with intersection multiplicity equal to ei. 

By Remark 11.171 we can apply this analysis for the semi-root C2 and we deduce that the 
strict transform €2^^ is a curvette for Hi, i.e., more precisely, Cg^"* and the exceptional divisor 
E2 have a normal crossing at the point 02. The pair of germs {E2, C2 ) is defined by the pair 
of local coordinates {x2,y2), at the point 02 G Z2. By Proposition II. 131 we have that: 

(18) y2 = l- O2U2 + X2R2{x2, U2) for some R2 E C{x2, U2}. 

The strict transform C^"^^ is defined in this coordinates by a function of the form: 

(19) f^'\x2,y2) = {yr-03xrr + ---, 

where 6*3 7^ 0, gcd(n2, m2) = 1, Ci = 62^12 and the terms which are not written have exponents 
{i,j) such that in2 + j'm2 > n2m2ei, i.e., they lie above the compact edge r2 of the Newton 
polygon of f^'^\x2,y2)- The result of substituting in /^^-'(a;2, 1/2), the term ?/2 by using (fTSl) . 
is equal to /*^^-'(x2, ^2)- 

Proposition 1.18. (see [ZlJ, |A'C-OkJ and [GPJ §3.4) The characteristic exponents, char- 
acteristic integers of the branch {C^'^\o2) with respect to the line E2 are respectively: 

(ei, 62 - nihi, ...,bg- n^-ife^-i), (^2, . . . , n^). 

The strict transforms C2^\ . . . , Cg^^ of the sequence of semi-roots C2, . . . ,Cg of the plane 
branch (C, 0) by tti define the sequence of semi-roots of the strict transform C^^^ o/(C, 0). 

Using Proposition 11.181 we can iterate this procedure defining for j > 2 a sequence of toric 
maps IIj-i : Zj -^j-i, which are described by replacing the index 1 by j — 1 and the index 
2 by j in the description above. In particular, when we refer to a Formula, like (fTSl) at level j, 
we mean after making this replacement. Since by construction we have that ej\ej-i \ ■ ■ ■ \ei\eo 
(for I denoting divides), at some step we reach a first integer g such that Cg = 1 and then 
the process stops. The composition of blow ups UgO ■ ■ ■ oUi is an embedded resolution of the 
germ (C, 0). 

Proposition 1.19. We have the following statements for j = 2, . . . , g: A j-semi-root Cj of 
{C, 0) is a curvette by the component Ej of the exceptional divisor of Hj-i o ■ ■ ■ o Hi. The 

strict transform Cj''^ of Cj is a smooth germ at oj G C'^^^ defining a 1-semi-root of {C''^\oj) 
with respect to the line Ej . 

Remark 1.20. If the set of semi-roots is normalized then in the construction above Oj = 1, 
for j = 2, . . . , g and by fJE) at level < j, the restriction of the function Ui to Xj = is given 
by 

1 if i<3 

^-yj if i = j 

We denote by Exc(/, tti o ■ ■ ■ o vTj) the exceptional function defining the exceptional divisor 
of (Hi o ■ ■ ■ o Uj)*{C) on the chart C^iaj). We have that 

(21) EXC(/, VTi O ■ ■ ■ O TTj) = (yf' O VTi O • • ■ O VTj) ■ ■ ■ {y"/ O TTj). 
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Notation 1.21. If p,q G C{x,y} \ (/) define the meromorphic function h := p/q we abuse 
of notation by denoting by ovdt{h) the integer OTdtp{x{t),y(t)) — ordt{q{x{t),y(t)) . 

Lemma ri.22l provides the sequence of generators of the semigroup of the branch {C^^\ Oj) 
with respect to the line Ej. 

Lemma 1.22. We have that ovdt{uj) = 0, ord(xj) = ej_i and or df/j^^j = bj^i—nj ■ ■ -rij^i^ibj, 
for 2 < j < g + 1 and < i < g — j . Moreover, the following formula holds: 

ordt(Exc(/, Tij o ■ ■ ■ o m)) = Cj^ibj, for 1 < j < g, 

Proof. For j = 2, we deduce from (fTBl) that U2 = x^^y^^^. It follows from the def- 
inition that ordt(Mi) = miordt(xi) — nioidtiyi) = 0. We have also that xi = 
hence ord(x2) = eo/ni = ei. By ( l2Tll and (fT4l ) applied to f2+i and vri we have that, 

ordi(/2+0 = ovdt{yT"""'*'-') + ordi(/i+)j, for < ^ < (7 - J- Since /f = 2/2 it follows 
that ordt(?/2) = &2 — ^i&i and more generally ordt(/2+j) = 62+i — ni - ■ -nj+ifoi. The equality 
ordt(Exc(/, TTi) = eo&i, follows from (|2T1) . We conclude the proof by an easy induction on j 
using Proposition 11.181 and relations ([3]) . □ 

2. Monomials determined from the embedded resolution 

The following key Proposition shows that given (r, s) G Z>o with s < ej-i there is a unique 
way to determine a suitable monomial J^j{r, s) in Xi and the semi-roots yi, f2, . . . , fj such 
that the composite Aij{r, s) o m o ■ ■ ■ o iij-i is equal to the product of the exceptional divisor 
function Exc(/, tti o ■ ■ ■ o Tij-i) by the monomial x^yj times a unit in the ring C>{xj, yj}. 

To avoid cumbersome notations we denote simply by Ui the term UjOTTjO - ■ -oTCj^i, whenever 
j > i is clear form the context. 

Proposition 2.1. // (r, s) G Z>o with s < ej^i there exist unique integers k2, . . . , kj, Iq, . . . , ij 
such that 

(22) < k2, . . . , kj, < io, < ii < ni, . . . , < ij-i < nj^i, ij = s, 
verifying that 

(23) Exc(/, TTi o . . . o 7r,_i) ■ ■ ■ uf x] y] = (x? /^^ ■ ■ ■ Z^) o vn o ■ • • o 7r,_i. 

The integers in Proposition 12.11 can be determined algorithmically by using the proofs of 
the following Lemmas. 

Lemma 2.2. If r > 0,1 > are integers there exist unique integers k,io,ii such that 

(y'"^ o 'Ki)u2X2 = xfyY o TTi with < io,k and < ii < rii. 
More precisely, we have that: 

(24) k = I + [cir/rii], io = kmi — rdi, and ii = Cir — ni[cir / Ui] 
In particular, ii = if and only if r = prii for some integer p. 

Proof. By (fT6l) we deduce that U2 = x^^y^^ and X2 = x^'^'^y'^. We have that the term 
(?/|"^ o t:i)u2X2 = [x^^^'^'''^ yi^^''''^'^^^'^) o tti is the transform of a holomorphic monomial by 
TTi if and only if: < i'^ := krrii — rdi and < i[ := rci + (/ — k)ni, or equivalently, 
< k < j^r + 1. By ([15|) we have that niiCi - diUi = 1. This implies that ^ < ^, thus 
the interval of the real line [-^r, f^r + I] is of length greater than / > 1. Any integer k lying 
on this interval is convenient to define a holomorphic monomial. The condition i[ < rii, is 
equivalent to + I — k < 1, and it is verified if and only ii k = [f^r + I] = I + [f^r] > 0. 
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We denote the integers i'q and i[ corresponding to this choice of k by io and ii respectively. 
We have then that: 

Ci Ci Ci di fllSI) 

io = ( — r + l)mi — rdi>( — r + l — l)mi — rdi = rmi( ) + (/ — l)mi > (/ — l)mi > 0. 

rii rii rii mi 

For the last assertion, we have that ii = Cir — ni[cir/ni] = if and only if rii divides r, 
since gcd(ci,ni) = 1 by (fT6l) . □ 

Lemma 2.3. // (r, s) G Z>o with s < ei there exist unique integers k, i^, ii with < fc, io 0''n-d 
< ii < ni such that: Exc(/, 7ri)M2X2^i/2* = o vri. More precisely, we have that 

(25) k = ei — s + [cir/ni], i^ = krrii — rdi, and ii = Cir — ni[cir/ni]. 

In particular, ii = if and only if r = prii for some integer p. 

Proof We use that Exc(/, tti) = y"o7ri by fl2TI) and that /|o7ri = (yj"^ °TTi)y2^- Hence we 
deduce that Exc(/, 7ri)?/2'^ = (^""'^"Vl) Since s < ei we have that n — sni = ni{ei — s). 
Then we apply Lemma [2.21 for r > and / = ei — s > 0. □ 

Proof of Proposition \2. 1\ We prove the result by induction on the number g of characteristic 
exponents, with respect to the line Xi = 0. The case g = 1 is proved in Lemma I2.3[ By 
Proposition IL18I the strict transform C-^-' of the branch C^^^ by vti has g — I characteristic 
exponents with respect to the line X2 = 0. By induction using (l2Tll . we have that if (r, s) G Z?,q 
and if s < ej-i there exist unique integers k^, . . . , kj, i^, 12, ■ ■ ■ ij with < i^, < i2 < n2, ■ ■ ■ , 
< < Uj , ij = s, and such that 

"r'^rrT"^';' ■ ■ ■ = (^m^'r ■ ■ ■ (/]■'>") » . . . « 

{^yeo o TTi ■ ■ ■ O TTj.ij J J J J 

We show then that there exist unique integers < k2, io and < ii < ni such that 

(27) Exc(/,7r0«2'^xjy^^(/f )----(/f )^^ = {x^ f^ ■ ■ ■ f^^ o m, 

By (EH), we have that: Exc(/, vti) y'iifPY' " " " iff^Y' = {yVt ■■■f/)° ^1 where the integer 

(28) q = ni{ei -12- ^2^3 - ^2 ■ --nj^iij) = Ui {n2{- ■ ■ (rij^i(ej_i - ij) - ij^i) ■■■) -ii) 
is a positive multiple of ni by (l22ll . Then we apply Lemma [2?2l D 

Definition 2.4. // < r and if < s < ej-i we define a monomial in x, fi, . . . , fj by: 

(29) Mj{r,s) :=x^o/^^.../; 

by relation ^2M) in Proposition \2.1{ 

IfO<r and if < s < Uj we define similarly a monomial in x, fi, . . . , fj 

(30) M'f^^\r,s) 

by the using [2^) when f is replaced by the semi-root fj+i, for j = 2, . . . , g — 1. 

Remark 2.5. Given rii . . . Uj and the pairs (ni, mi), . . . , (n^^i, rrij^i), the exponents appear- 
ing in the expansion of A4^j^^\r, s) in terms of x, fi, . . . , fj-i are determined algorithmically 
by (r, s) and conversely. 

Lemma 2.6. If < r and s < Cj^i, we have that: 

{Mj{r, s), /)o = ej-2bj-i + rcj-i + s {bj+i - rijbj), for j = 2, . . . , g + 1. 
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Proof. By Lemma EH] we have that: 



Aij{r, s) o TTi o ■ • ■ o 7rj_i 



EXC(/, TTi O . ■ ■ O TTj.i) ■ ■ ■ ufx'-y'j. 



Using Notation 11.211 and Lemma fl. 2 21 we deduce that: 
{Mj{r, s), /)o = ordt(Exc(/, ttio- • ■o7rj_i))+r ovdt{xj)+s ovdtiyj) = ej^2bj-i+rej-i+s (bj+i-rijbj) □. 

Lemma 2.7. //O < r and < s < ej_i the Newton polygon of a term M.j{r, s), with respect 
to the coordinates {xi,yi), is contained in A/'(/) for 2 < j < g + 1. It is contained in the 
interior of N'{f) unless j = 2, r = and < s < Ci. 

Proof. We suppose that < s < ej-i. If j = 2 we have that A42{r,s) = x^iy\^f2 by 
Lemma [2731 The vector v := (io + smi,ii) is a vertex of the Newton polygon of A42{r,s) 
and w := (&i,0) is a vertex of J\f{f). The vector pi = (ni,mi) is orthogonal to the unique 
compact edge of the polyhedron A/'(/) and also of Af{Aii{r, s)). We deduce the inequality: 

^1^1 = {Pi, w) < {pi,v) = Uiio + snirrii + rriiii = eiUimi + r{miCi — Uidi) Uibi + r, 

from a simple calculation using ( l25l l. Equality holds in formula above if and only if r = 0. 

If j > 2 we follow the proof of Proposition 12.11 there exist integers < ii < ni, < ig, ^2 
such that f l27l ) holds. By Lemma 12.21 we have that k2 = I + [-^] where the integer / is 
I := Ci — 12 — n2«3 — ■ ■ ■ — • • '^j-iij. The vector v := (io + ^i(ei — l),ii) is a vertex of 
Af{J^j{r, s)). By construction the Newton polygon of A4j{r, s) has at most one compact 
edge parallel to Fi. We deduce from a simple calculation using fl2ll) that: 

(31) riibi < {pi,v) = nibi + iQ. 

By the proof of Proposition 12.11 we have that ig > 0, hence the inequality ( 13T1 ) is strict. □ 

Remark 2.8. By induction using the same arguments as in Lemma \2. 71 we check that if 
1 < < J, < r, and < s < ej_i that the Newton polygon of 



with respect to the coordinates {xi,yi), is contained inj\f{f^^^). It is contained in the interior 
of J\f{f^'^^) unless j = i + l,r = and < s < e^. 



In this Section we introduce a class of (non equisingular) deformations of a plane branch 
(C, 0) and some basic properties. These deformations, which we call multi-semi-quasi- 
homogeneous (msqh), are applied in |GP-R| to describe smoothings with the maximal number 
of connected components. 

We suppose that (C, 0) is a plane branch. We keep notations of Section [Ol and Notation 
13.11 The resolution is described in terms of a fixed sequence fi, . . . , fg of normalized semi- 
roots (see Definition 11.141) . We introduce the following notations: 

Notation 3.1. For j = 1, . . . , g we set: 

(i) Tj = [{mjCjjO), (O^njCj)] the unique compact edge of the local Newton polygon of 



Mj{r, s) o TTi o ■ • ■ o 7ri_i/ Exc{f, tti o ■ • ■ o m^i) 



3. MULTI-SEMI-QUASI-HOMOGENEOUS DEFORMATIONS 




we denote by Aj the set Aj = Aj \ Tj, 

(iii) = [(0,0), (OjUjCj)] the edge of Aj which intersects the vertical axis, 

(iv) Let ujj : Aj n ^ Z be defined by 



(32) 



ujj{r, s) = ejicjUjiTij - rrij - smj). 
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Figure 1. The Newton diagrams in Notation [O 

We denote tj, . . . ,tg hj tj, for any I < j < g. We abuse of notation by denoting / by -Pt^_^j, 
for instance, in the foHowing algebraic expressions: 

(r,s)GA-nZ2 



(33) 



Pt. ■■= Pi. + E C^"^^ -Mi(r,^). 

(r,s)GA-nZ2 



The terms A^J} are some constants while the tj are considered as parameters, for j = 1, . . . , g. 
We suppose that A'^^I ^ 0. 

Definition 3.2. We denote by Ct^, or by Cj:^\ the deformation o/ (C, 0) defined by Pt^, for 
< ti -C ■ ■ ■ <^ t/ <^ 1 and I = 1, . . . ,g. We say that such a deformation is multi-semi-quasi- 
homogeneous (see |GP-R| j. 

We denote by Ci'^J C Zj the strict transform of Q t by the composition of toric maps 

Hj-i o ■ ■ ■ o Hi and by Pf^\xj,yj) (resp. by Pl;^\xj,Uj)) the polynomial defining cf^"''' in the 
coordinates {xj, yj) (resp. {xj, Uj)), ioi 2 < j < I < g. These notations are analogous to those 
used for C in Section [LH see (fTTI) . In particular, we have that the result of substituting in 
Pl;''\xj,yj), the term yj by using (fTSl) . is Pf^\xj,Uj). The deformation C^'''' is a semi- quasi- 
homogeneous deformation of C*^^j (see |GP-R| for the definition and more details). This 
motivates the choice of terminology. Notice that by the discussion of Section 11.31 the msqh- 
deformations can be embedded naturally in the same space as the monomial curve associated 
to (C,0). 

Proposition 3.3. If 1 < j < I < g the curves C'^^ and C^^^ meet the exceptional divisor of 
Hj^i o • ■ ■ o Hi only at the point Oj G Ej and with the same intersection multiplicity Cj^i. 

Proof. If j = 1 we have that / and Pt^ have the same Newton polygon and moreover the 
symbolic restrictions of these two polynomials to the compact face Fi of the Newton polygon 
coincide by Lemma I2.7[ If j > 1 we show the result by induction using Remark 12.81 □ 

Proposition 3.4. If 1 < j < g then Ej is the only irreducible component of the exceptional 
divisor of Hj-i o ■ • • o Hi which intersects C\-^^ at Cj^i points counted with multiplicity if 
< ^ 1. More precisely, we have that: 

(i) The symbolic restriction of Pj;^^^^{xj, yj) to the edge Tj of its local Newton polygon is of 
the form: a, X^U {v7 " (1 + 7^^^,'+! ; -^^^^ oij,-i^P e C* , for s = 1, . . . , Cj. 

(ii) The points of intersection of Ej^i with C't^^^^'' are those with coordinates Xj+i = and 
(34) = (1 + ^^^t^j^-'n-', fors = l,..., e,. 
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Proof. If j = 1 we have that the terms of the expansion of Pt^ which have exponents on the 
compact face of the Newton polygon A/'(/) are / and ^^2(0, s) for < s < ei by Lemma [2771 
By Proposition 12.11 we have that ^^2(0, s) = x^^'''^^"'*''/! • The restriction of the polynomial 

/ + E7=~o' ASol,)t2'"'^'^"'^a;r^''"'Vl to the face Tj is equal to: 

(35) (2/- - xrr + E - <'y- 

s=0 

Let us consider the polynomial ^1(^^1,1^2) := V^'' + E^Lo^ ^(o!.)^/^2''~'- By hypothesis 
^(0 0) 7^ ^ hence the homogeneous polynomial Qi factors as: Qi{Vi, V2) = HsLil^i ~ 7s^^^2) 
for some 7^^ G C*. The expression ([35|) is of the form: Qi(2/i"^ -x^, C^') = IlsLil?/"' - 
(1 + 7s^^t™^'^^)x™^). This proves the first assertion in this case. The second follows from this 
by the discussion of Section II. 4[ 

If j > 1 we deduce by induction, following the proof of Proposition 12. II and using Remark 
12.81 that the restriction of Pu~^^ to the compact face of ^{f^^'^^) is of the form: (yj^ — 



X 



1 r + YfsU ^%^s)('<^7+r'^'^7'*y'~'(yj - ^T'Y- The result in this case follows by the 
same argument. □. 

3.1. Milnor number and generic msqh-smoothings. If (-D, 0) C (C^,0) is the germ of 
a plane curve singularity, defined by /i = 0, for h G C{x,y} reduced, we denote by yu(/i)o or 
by /i(-D)o the Milnor number, /i(/i)o := dime C{x, y}/{fx, fy)- We have the following formula 
(see [Rj and [Z2]): 

dh 

(36) /i(/i)o = {h, — )o - {h, x)o + 1. 

The Milnor number of the plane branch (C, 0) expresses in terms of the generators of the 
semigroup A with respect to the coordinate line a; = , by using the classical formula (see 
[M], [GBj and [Z2j): 

(37) (/^^)o = EK-* 

Definition 3.5. We say that the deformation Pt^ of the plane branch (C, 0) is generic if the 
numbers {'^^s ''Ys=i appearing in Proposition 3^ are all distinct, for 1 < j < g. 

Proposition 3.6. Let Pt^ be a generic msqh-deformation of a plane branch (C, 0), then we 

9 

have that /i(C)o = ^^(A*(C't"'|joj + — 1). 

Proof. We prove the result by induction on g. If 5^ = 1 the assertion is trivial. We suppose 
the assertion true for branches with g — 1 characteristic exponents with respect to some 
system of coordinates. By Proposition 11.181 and the induction hypothesis it is easy to check 

that ^^{C^'))o, = EUil^iCi^lX + - 

By Proposition 13.41 and the definition of generic msqh-deformation, we have that the curve 
C^^\ defined by the polynomial Pl:^\xi,yi), is non degenerated with respect to its Newton 

polygon, for < |t2| ^ 1- By (l36l) we have that /i(Cf^^'')o^ = eo&i — Cq — hi + 1. 

By (I37j) we have that: ^(C)^, -^(^(2))^^ = (/, |£)o _ (/(2), ^)^^ + ei - cq. The assertion 

holds if and only if (/, f )o-(/^'\ ^)o, = &i(eo-l). Using ^ and LemmaOSlwe verify 
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that is equal to: 

E?=iK - - E?=2(^fc - 1) (^i - ^ieo/ej_i)_ = {rii - + E?=2^ieo/ei-i = 
(ni - 1 + (n2 - l)ni H h - l)ni ■ ■ ■ 6i = (eo - l)&i. □ 

Definition 3.7. VFe associate to the plane branch (C, 0) an abstract simplicial complex f2(C) 
with integral structure, by gluing the edge of the triangle Aj_i with the edge Sj of Aj, 
for j = 1, . . . , g — 1. The integral structure is preserved since the edges and Ej have the 
same integral length Cj. If g = 1 then Q{C) = Aq and this complex is embedded in R^. 

The following consequence of Proposition [3^ generalizes Kouchnirenko's formula (see [K]). 

Proposition 3.8. The Milnor number of the plane branch (C, 0) is twice the number of 
integral points in the simplicial complex with integral structure Q{C). Namely, we have that: 

/i(C)o = 2^^ (#(A, nZ^) + e,+i - l) . 

j=0 

See [G] for related formulas, measuring the difference of the Milnor number or the delta 
invariant, of a reduced plane curve germ and its strict transform by a suitable toric modifi- 
cation. 



4. Irreducibility and equisingularity criterions 

Abhyankar's irreducibility criterion gives an affirmative answer to a question of Kuo men- 
tioned in |Abh4| : "Can we decide the irreducibility of a power series F{x, y) without blowing 
up and without getting into fractional power series ?" We have revisited the Abhyankar's 
criterion in the light of toric geometry methods. In particular, our proof explains that if 
F is irreducible, some information on Newton polygons of the strict transform of F at the 
infinitely near points of the toric resolution can be read from the expansions in certain ap- 
proximate roots of F. See |C-M2| and |C-M1| . for an extension of this criterion to the case 



of base field of positive characteristic. Recently, Garcia Barroso y Gwozdziewicz have given 
another method to answer Kou's question based on the analysis of the jacobian Newton 
polygons of plane branches (see |GB-G| . see also Section [4.3.11) 

As an application we give an equisingularity criterion for an equimultiple family of plane 
curves to be equisingular to a plane branch (See Section 1131) . 

4.1. Straight line conditions in the toric resolution. We study the compatibility of the 
expansions in terms of semi-roots with the toric resolution. 

In this section, we set Weierstrass polynomial of degree no . . - rij-i, defining a semi-root 
of /, for j = 1, . . . ,g. We give further precisions of the (y = /i, ■ ■ ■ , /j) -expansion of / (see 
Proposition 11.91) . 

Proposition 4.1. We have that the (/i,-- - , fj)- expansion of f , for 2 < j < g, is of the 
form: 

(38) / = /;^-'+ Yl (yii^i)fi---fj\ forar{xi)eC{x,}, 

I={ii,...,ij) 

with < ii < rii, . . . , < ij_i < rij^i, < ij < ej_i, where: 

(1) The orders in yi of the series {fl^ ■ ■ ■ fj^)\xi=o, corresponding to the terms fl^ ■ ■ ■ fj^ 
in expansion are all distinct. 
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(2) The Newton polygons of f and of f^^ \ vnth respect to the coordinates {xi,yi) have 



only one compact edge Ti, defined in section and the symbolic restrictions of f 



and of f^^ ^ coincide on this edge. 



'J 



(3) If aj the Newton polygon of the term (yj{xi)fl^ ■ ■ ■ fj^ is contained in the interior 
of the Newton polygon of f . 

Proof. Since deg / = ej_i deg fj and both are monic polynomials we have that the term 
fj^~^ appears in the (/i, ■ ■ ■ , /j)-expansion of / with coefficient one. 

Let Aij := ai{x)fl^---fj^ be a term of the expansion (l38l) appearing with non zero 
coefficient By Proposition 11.91 we have that < ii < ni, . . . , < ij-i < rij^i and 

< ij < ej_i. The assertion on the orders in yi of the series {fl^ ■ ■ ■ fj^)\xi=o, follows 
from Remark ll.lOi By Remark 11.171 the term A4j has at most one compact edge Tj, 
which is parallel to the compact face Fi of J\f{f). The vector pi = (ni,mi), which was 
defined in Section [LH is orthogonal to the compact face Fi oi Af{f){xi,yi). We set c/ := 
mm{{pi,u) I u G A/'(A^/)}. Suppose that there exists a term A^j, with «/ 7^ such that: 
C/ < mm{{pi,u) I u G Af{f)}. In that case we can choose an index /, with minimal C/ 

and such that: ordy-^^{f'i ■ ■ ■ fj^)^^^_^ = max{oidy-^{ fl^ ■■■ fj^)^^^_^ \ cj = cr}. Notice that 
this index / is unique since the orders, ordj^j(/|^ ■ ■ ■ fj^)^^ _g, are all distinct. We have that 
if (r, s) G F/ n Z^, the sum Kj of the coefficients of the term x^y"^ in aiAi'j, for those /' with 
c/ = c// must vanish. But if (r, s) is the vertex of Tj with s = deg^ fl^ ■ ■ ■ fj^ then we obtain 
that Kj is the initial coefficient of the series «/, a contradiction. 

By (fT4l) the symbolic restrictions of / and of fj^~^, to the compact face Fi of the Newton 
polygon coincide. This implies that if there exists a term A^/ with c/ = mm{{pi,u) \ u G 
Af{f)}, then the sum of the coefficients of the terms x^y'^ in A^j, for those /' with cj = cj/, 
must vanish. We argue as in the previous case, to prove that cannot happen. □ 

Remark 4.2. Notice that fj is an approximate root of f if and only if the exponents ij, 
appearing in ([23j, verify that ij < Cj-i — 1. 

The (xi, /i, . . . , /j)-expansion of / 

(39) f = f;'-'+ Yl ■■■/;, 

I={io,...,ij) 

is obtained by expanding, as a series in xi, the coefficients of the terms in ( l38l ). If c/ 7^ 0, 
then the Newton polygon of the term Alj := x''" fl^ ■ ■ ■ fj' is contained in the interior of the 
Newton polygon of / by Proposition 14. 1[ It follows from the discussion in Section 11.41 that 
we can factor J^j o m as: 

(40) Mjon, = Exc(/, TTi) 4'^'^ xf (/f )- ■ ■ ■ (/f )^ 

where k2{I) and io(/) are non negative integers. More precisely, if we set qi := ii + nii2 + - ■ ■ + 
rii - ■ ■ rij^iij, then we have that k2{I) = ciiQ—di{eo—qi) > and «o(/) = nii()—mi{eo—qi) > 0. 
We obtain the following expansion from f l39D . by factoring out Exc(/, tti) from f o m: 

(41) f^'^ = if^\'-^ + E c,4^(^)a:F)(/f)-...(/f)^^ 

I={io,...,ij) 

The following expansion is obtained from (1411) by collecting the terms with the same index 
/' = (^2, . . .,ij): 

(42) = if^\^-^ + Yl »p\^2,U2) {f^^Y ■ ■ ■ {ffr- 

r={i2,..;ij) 
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('2') 

By ( fTSl) the coefficient a^, (x2,M2), viewed in C{x2,?/2}, is of the form: 

(43) 4'^ = tfxl^^^'^ with r2(/') > and ef) a unit in C{x2,?/2}- 

Definition 4.3. VFe ca// the expansion (^resp. the {u2, X2, ■ ■ ■ , fj'^^)- expansion 

(resp. {f^\ . . . , f^j^^)- expansion) of f^'^K 

Proposition 4.4. Suppose that 2 < j < g. The expansion [J^ ) verifies that: 

(1) The orders in 1/2 = fr of the series ((/a ■ ■ ■ {fj y^)\x2=o, corresponding to the 
terms (/2^'*)'^ ■ ■ ■ {ff'^)''^ in expansion [JW ; ^'"^ distinct. 

(2) If g > 2, the Newton polygons of f''^^ and of {ff'^'Y^^^ , with respect to the coordinates 
{x2,y2) have only one compact edge T2 (see section \L^ . Moreover, then the symbolic 
restrictions of f^'^^ and of {ff^^Y^-^ coincide on this edge. 

(3) If g > 2 and if aj, {x2,U2) 7^ 0, then the Newton polygon of the term: 

af{x2,U2) {f?^r---{ffY^ 

is contained in the interior of J\f{f^'^^) , with respect to the coordinates {x2,y2)- 

(4) If j = g = 2, the term of the expansion [JW corresponding to i2 = is of the form 



X 



Eg ; where tQ is a unit in C{x2, y2}- The terms of the expansion ( f^^ different 
from y^2 — ifT^Y^ '^^^ x^^'"^^^^ e^Q \ have Newton polygon contained in the interior of 
Ar(/(2)). 

Proof. By Proposition II . 181 the characteristic integers of {Cf\o2), with respect to the line 



X2 = are n2, . . . , '"-j-i- The assertion on the orders in y2 of the series ((/a Y^ ' ' ' ifj )*0|:i'2=o 
is consequence of Remark ll.lOi Suppose first that g > 2. We have that if 2 < j < g, the 
term /j^'* is of the form /j^-* = — 6'2a;^^)"^ '"j-^ + ■ ■ ■ , where the terms which are not 
written in this expansion have exponents contained in the interior of the Newton polygon 
with respect to the coordinates X2 and 1/2 • Namely, by Remark 11.171 and the discussion of 
Section [L4l we have that /^^^ and of {ff^Y^~^^ have the same Newton polygon with respect 
to the coordinates {x2,y2)- This polygon has only one edge r2. The symbolic restrictions of 
/*^^^ and of ifj'^^Y^'^ coincide on this edge by Remark [1.171 and Proposition 11.181 

It follows that the Newton polygon of a term Mp^ := ap\x2,U2) {fi^^Y^ ' ' ' Uf^Y^ ■> ap- 
pearing in the expansion f l42ll . has only one compact face which is parallel to r2. We deduce 
that the Newton polygon of M.\ is contained in the interior of M{f) by repeating the 
argument of Proposition 14.11 

U j = g = 2 then it is clear that the Newton polygon of f^'^^ with respect to the coordinates 
ix2,y2) is equal to the convex hull of the set (0,ei) + R>o U 1) (2) ,„(r2,i2) + R'>o- By 
Proposition 11.181 we know that this Newton polygon has only one compact edge r2 with no 
integral point other than the vertices (0, ei) and (62 — nibi, 0). □ 

Theorem 4.1. The (x, /i, . . . , fj)-expansion of f , for j = 2, . . . , g, is of the form: 

f=fr+Y.^iMMi)^s{i)Y 

where {r{I),s{I)) verify that < r{I), < < ej-i, r(/)ej_i + s{I)(bj — rij^ibj^i) > 
ej^i{bj —rij^ibj^i) . Among the terms of this expansion with minimal intersection multiplicity 
with f there exist and A4j(bj+i — njbj,0). Moreover, if j = g — 1 these two terms are 
exactly the terms with minimal intersection multiplicity with f . 
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Let Aij := x''° fi ■ ■ ■ be a monomial appearing in (l39ll . Using Proposition 14.11 and 
Proposition 14.41 we deduce inductively that we can factor M.i o vti o ■ ■ ■ o Hj^i as 

(44) A^, o TTi o . . . o 7r,_i = Exc(/, vTi o . . . o 7r,_i)M^^(') ■ ■ ■ uf'^xf\f\ 

where k2{I), . . . , kj{I),r{I) > and s{I) = ij. It follows that we have an expansion: 

U) - ,,'^.-1 I . . . r{I) s(I) 



(45) /(^^ = 1/;-^ + ^ 



C1U2 ■ ■ ■ X, y. 



I 



By ( ITSl) the term ■U2^*''^'' ■ ■ ■■u^^^^'* is a unit viewed in C{xj,yj}. 

If / 7^ /' are two different indices appearing in (l39l) . then (r(/),s(/)) 7^ (r(/'), s(/')) by 
Proposition 12. 11 Hence, the Newton polygon of f^^\xj,yj) is equal to the convex hull of 
the set, U/(r(J), s(/)) + R>o- By Proposition 11.181 at level j, we have that this polygon has 
vertices (0, ej_i) and (bj — nj_i6j_i,0). If j = g, these two vertices are the unique integral 
points in the Newton polygon. By Lemma 12^61 the exponents (r, s) G Tj correspond to terms 
Aij{r, s) with minimal intersection multiplicity with / at the origin. □ 



4.2. Abyankar's generalized Newton polygons, straight line condition and irre- 
ducibility criterion. We follow the presentation given by Assi and Barile in |As-Bj of 
results in |Abh4 i . 

4.2.1. Generalized Newton polygons. Given a sequence S := {Bq, Bi < ■ ■ ■ < Bq) of positive 
integers, we associate to them sequences Ej = gcd {Bq = N, Bi, . . . , Bq) and Nq = 1, 
Nj = Ej_i/Ej, for j = 0, . . . , G. Notice that if 5 a characteristic sequence of generators of 
the semigroup A associated to a plane branch (C, 0), we set g = G and we have with the 
Notations of the first section that Ej = Cj and Nj = rij, for j = 0, . . . , g. 
Let 

N 

(46) F = + ^ A,(x)y"-^ G C{x}[y] 

i=2 

be a Weierstrass polynomial. We assume that y is an approximate root of F, since the 
coefficient of y^~^ is equal to zero. We denote by Fj the approximate root of F of degree 
Nq . . . Nj_i, and by Fj the sequence (Fi, . . . , Fj) for j = 1, . . . , G + 1 and F_ = Kg+i- 

Let P G C{x}[?/] be a monic polynomial. We consider the (Fi, . . . , F^+i) -expansion P = 
^iC(i{x)Fl^ ■ ■ ■Fo'Fgl'l^ of P (see Proposition 11.91) . The formal intersection multiplicity of 
P and F, with respect to the sequence 5 is defined as 

G 

(47) formal b{P,F) := min{^ijBj \ I = {ii, . . .,iG,0), <yi{x) ^ 0}. 

j=0 

Notice that when this value is < +00, it is reached at only one coefficient. 

Let P,Qe C{x}[y] be two monic polynomials of degrees p,q with p = mq. We have the 
Q-adic expansion of P is of the form: P = Q"^ + aiQ"^~^ + ■ ■ ■ + am- The generalized Newton 
polygon of P with respect to Q and the sequences 5 and F is the convex hull of the set: 

m 

(48) ^{P,Q,B,F) := y (formal 5(afc,F),(rf-A;)formal5(Q,F)) + R|o. 

fe=0 
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4.2.2. Abhyankar's irreducibility criterion. To a monic polynomial F of the form (l46ll it is 
associated a sequence B as follows: Set Bq = Eq := N, Fi = Y, Bi = (Fi, F)o, Ei = 
gcd {Bq, Bi) and Ni := Eq/Ei. Then, for j > 2 the integers Eo . . . , Ej = gcd {Bq, . . . , Bj), 
and Ni, . . . , Nj_i are defined by induction. We set B^ = {P,Fj)o where Fj denotes the 
approximate root of F, of degree Ni - ■ ■ Nj_i. 

Theorem 4.2. ( |Abh4| ) With the above notations the polynomial F G C{x}[y] is irreducible 
if and only if the following conditions hold: 

(1) There exists an integer G G Z>o such that Eq = 1. 

(2) We have that Bj+i > NkBj for j = 1, . . . G - 1. 

(3) (straight line condition) The generalized Newton polygon Af{Fj^i, Fj, ^Bj, Fj) has 
only one compact edge with vertices {^_.NjBj,0) and (0, ^.NjBj). 

Proof. We prove first that if F verifies the conditions of the theorem, then F is irreducible. 
By straight line condition the vertices of the generalized Newton polygon, Af{Fj^i, Fj, -^BjjFj), 

correspond to the terms Fj^ and \x)F^^ ■ ■ ■ F^^Si of the (Fi, . . . , Fj) expansion of Fj+i, 
where ovAxOIq\x) = r^Q^-* > and < r^j < A^j for i = 1, . . . , j — 1. The straight line condition 
implies that -^NjBj = -^{rj^^ Bq + ■ ■ ■ + rij-'}^Bj_i). It follows that NjBj belongs to the semi- 
group generated by Bq, . . . , Bj_i. By Lemma [L2l this numerical condition together with the 
first two hypothesis of the theorem guarantee that the semigroup generated by -Bq, . . . , -B^ is 
the semigroup of a plane branch. 

Let 7^ F' G C{x}[?/] be any polynomial of degree < N = degF. We consider the 
(Fi, . . . , Eg) expansion of F': 

(49) ^' = 5Z ■ ■ ■ ^9' ^ith ai{x) e C{x}, 

I 

where the components of the index / = (zi, . . . ,ig) verify that < zi < ^"1, . . . , < ig < 
[degF'Z deg Fg] < rig = degF/ degF^. If = ord3,Q;/(x) we have that 

9 

(50) {F,aj{x)Fl^---F^g^)o = J2z,B,. 

j=0 

It follows that from Lemma fL2] that the intersection multiplicities f l50l ) corresponding to dif- 
ferent terms in the finite sum (l49l) are all different. We deduce that (F, F')o = niin{^^^p ijBj \ 
ai{x) 7^ 0} < +00. It follows that F is irreducible, otherwise there is an irreducible factor of 
F' of F of degree < deg F and then (F, F')o = +00, a contradiction. 

Suppose now that F is irreducible. Then Bq, . . . , Bq are the generators of the semigroup 
of the branch F = with respect to the line x = 0. By Lemma fL2l the first two conditions in 
the statement of the theorem hold automatically. By Proposition 11.81 the approximate root 
Fj^i is irreducible and define a plane branch with semigroup generated by -^Bq, . . . , -^Bj. 

By Theorem 14.11 we have that the Newton polygon of F^'2i{xj,yj) has only two ver- 
tices (Aj, 0) and (Mj, 0) which correspond to the terms F^^ and M'^-^^\^, Mj) of the 
(x, Fi, . . . , Fj)-expansion of Fj+i. By Proposition II . 1 81 and induction the vertices of the New- 
ton polygon of the strict transform function F^^\xj, yj) are {Bj — Nj_iBj_i, 0) and (0, EjNj) 
(see Notations of Section [13]) . It follows that Mj = -^{Bj - Nj^iBj_i) By Lemma [02] we 

have that ordt(Exc(F,+i, tti o ■ ■ -onj^i) = = i-^i-i^j^i- By Lemma [2l6] and [02] 
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the number (F^+i, ^^^•'^^^(O, M,))o is equal to: 

A similar computation using Lemma 12.61 and 11.221 proves that if (r, s) appears in the 

(x, Fi, . . . , Fj)-expansion of F^+i then (F^+i, Mj'~^^\r, s))o > -^NjBj. □ 

If F is irreducible certain generalized Newton polygons (l48!l express in terms of the Newton 
polygons appearing in the toric embedded resolution: 

Proposition 4.5. Let (pj : — > he the linear function given by (f)j{r,s) = {rNj, sMj). 
We denote by Rj the number Rj := -^Nj^iNjBj. If F is irreducible we have that: 

AfiF,^uF„^B^,F^) = (/?,,i?,) + 0,(Ar(F,¥i(^„ %•)))• 

4.3. Equisingularity criterions. Let F = F{\,x,y) G C{X,x,y} such that F(A,0,0) = 0. 
We consider a family (Ca,0) of plane curve germs defined by the vanishing of Fx{x,y) := 
F{X,x,y). As an application we give a criterion for the uniparametrical deformation C\ to 
be an equisingular deformation at A = of a plane branch (C, 0) . Our criterion extends the 
one given by A'Campo and Oka in |A'C-Ok| . They assume that certain approximate roots 
of Ci do not depend on A. We do not need this hypothesis. 
We have an expansion of the form: 

(51) = {p{X)x + q{X)yf + ^rA^W- 

r+s>N 

The family (Ca, 0) is equimultiple at A = if and only if p(0) and g(0) do not vanish 
simultaneously. Without loss of generality we suppose that g(0) ^ 0. If we make a change 
of coordinates by setting y' = p{X)x + q{X)y we reduce to the case when the coordinate line 
y' = is tangent to (Ca, 0), for |A| ^ 1. We reduce to the case of families of the form: 

(52) Fa = 2/^+ c.,s(A)xV. 

r+s>N 

Notice that ordj^F(0, 0, ?/) = ovdyF^iQ^y) is equal to the multiplicity of (Ca,0), for |A| -C 1. 
By the Weierstrass Preparation Theorem we can suppose that F is a Weierstrass polynomial 
in y, and also that y is an approximate root of F, by making a local change of coordinates. 
The polynomial F is of the form: 

N 

(53) F = + ^ A,a(^)2/"'* e C{x, X}[y]. 

i=2 

Our aim is to characterize when the family (Ca, o\) is equisingular at A = 0, with special 
fiber (Co, 0) being a plane branch (irreducible and reduced). Equisingular, in this case means 
that each fiber (Ca, 0) is analytically irreducible and reduced, with the same characteristic 
exponents with respect to the line x = 0. We suppose from now on that mult(Co,0) > 1. 
Since y is the approximate root of degree 1 of Fa we have that: 

Proposition 4.6. With the above notations and hypothesis if{Cx,0) defines an equisingular 
family at X = 0, then we have that Fx is of the form: 

(54) Fa = (y^ - ^i(A)xD"' + ■ ■ ■ , with ^i(A) G C{A} and 0i(O) ^ 0, 

where gcd (ni,mi) = 1 and the terms which are not written have exponents in the interior 
of the Newton polygon of Fx. 
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Proof. We have an inclusion of polygons M{Fq) C Af{F\). By hypothesis both polygons 
have a vertex at (0, n). Since (Ca, 0) is analytically irreducible it follows that M{Fx) has only 
one compact edge. Since the coefficient of y^~^ in Fx is equal to zero, as a consequence of the 
Tschirnhausen transformation, the inclination of this edge is equal to the first characteristic 
exponent of (Ca,0). We deduce that J\f{Fx) = A/'(Fo). If Fa is not of the form ((Ml), then 
(Ca, 0) is not be analytically irreducible. □ 

Suppose that we know the sequence of characteristic exponents and integers associated to 
(Co, 0) with respect to the line x = 0. We use Notations of Section [LT] for them. We denote 
the approximate root of degree uq ■ ■ ■nj_i by a, and by (Cj_A, 0) the deformation defined 
by A = 0, for j = 1, . . . , 5^ + 1. The polynomials fj := Fj Q are semi-roots for (Cq, 0) with 
respect to x = 0, by Proposition 11.81 

The notation A^^"'^^''(r, s), for < r and < s < rij, define monomials in terms of the 

semi-roots x, /i,...,/^ (see Definition 12.41) . li M.'^-^'^\r,s) = x'^° ■ ■ ■ we denote by 

M.'^-^^\r, s) the term M.^-'^^\r, s) := x^°Fl\ ■ ■ ■ Fj\. We define the weight of the monomial 

A4 = A4^j^^\r, s) as the sum iobo + ■ ■ ■ ijbj. 

We have the following result (compare with Proposition 11.131) . 

Theorem 4.3. With the above hypothesis and notations if (Ca, 0) is equisingular at X = 
to the plane branch (Cq, 0) if and only for j = 1, . . . , g we have expansions of the form: 

(55) F,+,,A = i^l - ^,+i(A) M^Ji''>im,, 0) + J2 

where 9j^i{0) and the terms Ai^!'^^\r,s), which appear in the sum with non zero coeffi- 
cient, have weights strictly bigger than rijbj . 

Proof. If we have expansions of the form (l55ll we have that (Ca; 0) can be embedded in 
(C^^^, 0) by the sequence of approximate roots as in f fTSl ). By |G-T| the family (Ca, 0) admits 
simultaneous embedded resolution. This implies that (Ca, 0) is equisingular at A = 0. 

Suppose that the family (Ca, 0) is equisingular at A = to a plane branch (C, 0). We have 
that Fa is of the form ( l54l ). By Lemma fTTSl the approximate root Fj ^ of Fa of degree rii - ■ ■ nj 
is of the form Fj^A = {Vi^ — 9i{X)x^^)"'^"'"'^ + ■ ■ ■ , where the terms which are not written 
lie above the compact edge of the Newton polygon with respect to the coordinates {xi,yi). 
Then F, a defines an equimultiple family and that y = is tangent to the curve C^ a defined 
by F^ A = 0. By Proposition II .81 we deduce that if (Ca,0) is equisingular at A = then C^ a 
is also equisingular at A = 0, in particular the characteristic exponents with respect to x = 
are constant in the family. The result is consequence of Theorem 14.11 for Fj+i a with respect 

tO|/ = Fi,A,F2,A,...,F,-A. □ 

We give an algorithm to check whether an equimultiple family of curves (Ca, 0) defined by 
a polynomial of the form ( l53ll is equisingular at A = to a plane branch (Co, 0). We do not 
need to know the invariants of (Co,0) a priori. If the answer of the algorithm is NO, then 
either (Co, 0) is not analytically irreducible or (Ca, 0) is not equisingular at A = 0. 

Algorithm 4.7. (1) Step 1. 

(a) Set Eo := N, Bi := (Fo,x) and Ni := gcd(Fo,i?i). 

(b) Compute the approximate root F2^\ of degree Ni of Fx . 

(c) CheckthatF2,x = 2/'^^-^2(A)x^^i+E:^ftM,>^a/i, where gcdiN,, M,) = 
1 and9i{0) ^ 0. 

(2) Step 2. _ 

(a) Compute B2 := (Fo,F2,o)o- Set E2 := gcd(Fi,52) and N2 := E1/E2. 

(b) Compute F^^x the approximate root of Fi of degree N1N2. 
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(c) Compute the {x, Fi, F2)- expansion of F^ x. 

(d) Check that = F^^l - ^3(A)Mf (0, M^) + E:S:i.>iv.M. ^r,.(A)Mf (r, 
where gcd(A^2, M2) = 1 and 6*2(0) ^ 0. 

(3) Iterate Step 2. 

The algorithm stops whenever some condition is not verified answering NO or when Eq = 1 
for some integer G and then the answer is YES. 

To apply step 2 notice that by Remark [2751 the exponents of a term x'^F^'^Fg^^ appearing 
in the (x, Fi^a, -p2,A)-expansion of F3 a together with Ni,N2,Mi determine the integers (r, s) 
such that x'°Fi^^F^^^ = M^^\r, s). 

4.3.1. Equisingularity criterion by jacobian Newton polygons. Let / G C{x}[?/] be a Weier- 
strass polynomial. The jacobian Newton polygon of / with respect to the line x = is the 
Newton polygon of J'f{t,x) := ReSj^(t — /, |^), where ReSy denotes the resultant with respect 
to y. The jacobian Newton polygon appears in more general contexts related to invariants 
of equisingularity (see |T1| and |T2| ). Garcia Barroso and Gwozdziewicz have proved that if 
/' G C{x}[?/] is irreducible and j7/(t, x) = Jlfit, x) then / is irreducible. They have given two 
methods which characterize jacobian polygons of plane branches among other Newton poly- 
gons by a finite number of combinatorial operations on the polygons (see |GB-Gj . Theorem 
1, 2 and 3). The following algorithm is consequence of their work. 

Algorithm 4.8. Imput: A family Fx{x,y) of the form ^5E). 

(1) Compute J'F^{t,x). 

(2) Compute the Newton polygon M\ of J'F^{t,x). 

(3) Check that Mx = J^o- 

(4) Test if A/q is a jacobian Newton polygon of a plane branch by using Theorem 2 or 
Theorem 3 in \dB-Q\ . 

If all the steps of the algorithm give a positive answer then Fx = is equisingular at \ = 
to a plane branch. 

Acknowledgement. The author is grateful to J.- J. Risler for his remarks and suggestions 
on previous versions on this paper and to B. Teissier and P. Popescu-Pampu for useful 
discussions on this topic. 
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